Abstract. We present sufficient conditions for a self-inversive polynomial to have a fixed number of roots on the complex unit circle. This generalizes the condition found by Lakatos and Losonczi for a self-inversive polynomial to have all its roots on the complex unit circle.
A polynomial (1.1) p(z) = a 0 + a 1 z + ... + a n−1 z n−1 + a n z n ,
with coefficients in C and with a n = 0 is called a n degree self-inversive polynomial if it satisfies the property
where p(z) is the complex-conjugate of p(z). In the special case ω = 1, p(z) is called a self-reciprocal polynomial. From this definition follows that the coefficients of a self-inversive polynomial satisfies
In [1] Lakatos and Losonczi presented sufficient conditions for a self-inversive polynomial p(z) to have all its roots on the complex unit circle U . Here we shall present another proof of this theorem and also we will extend it by presenting sufficient conditions for a self-inversive polynomial to have a fixed number of roots on U . Namely, we shall prove the following Theorem. Let p(z) be a n-degree self-inversive polynomial. If the inequality
holds then p(z) has n − 2l roots on the complex unit circle U = {z ∈ C : |z| = 1}. Moreover if n is even and l = n/2 then p(z) has no roots on U if the inequality
In order to prove this theorem we shall use only two theorems of complex analysis, namely, the Cohn's theorem and the Rouché's theorem. The Cohn's theorem states that a self-inversive polynomial p(z) has so many roots inside U as has the polynomial
in the same region [2, 3, 4] . The Rouché theorem states that if two functions f (z) and g(z) are analytic inside a simple closed Jordan curve γ, are continuous on γ and |f (z)| > |g(z)| in all points of the curve γ then f (z) and h(z) = f (z) + g(z) have the same number of roots inside the region delimited by the curve γ [5, 6] .
Proof. Let p(z) be a n degree self-inversive polynomial as in (1.1). From (1.6) the q(z) polynomial used in the Cohn's theorem is given by
Suppose further that a n−l = 0 and l < n/2. Then define the functions
and
On the curve γ = {z ∈ C : z = e iy , y ∈ R}, we have
But from the the triangular inequality, we have that
and hence, the Rouché's theorem can be applied if
Moreover, since p(z) is self-inversive, we can use the property (1.3), noticing that
to rewrite (1.12) as (1.14)
Then, we found that the Rouché theorem can be applied whenever the condition
is satisfied. In this case we have from the Rouché's theorem that f (z) and q(z) = f (z) + g(z) has the same number of roots inside the complex unit circle. But f (z) has exactly l roots inside U and so also has q(z). Then, from the theorem of Cohn, we conclude that p(z) has l roots inside U as well, but p(z) is self-inversive and, thus, p(z) also has l roots outside U . Therefore we are led to the conclusion that p(z) must have n − 2l roots on the complex unit circle U . This prove the first part of the theorem. For the second part we just need to define f (z) = (n/2)ā n/2 z n/2 and g(z) = q(z) − f (z). Then following the same steps as above we shall get the desired result. This conclude the proof.
Notice that in the case where l = 0 we get the condition 
and that all these roots are simple, except when the equality takes place, where we may have a double root [1] . This result cannot be deduced from our approach, since the Rouché's theorem cannot be applied in this case. Therefore, the cases where an equality takes place in (1.15) should be further investigated, since multiple roots may appears in these cases as well. The case l = 1 is also interesting, since from the condition
we can test if a given polynomial with integer coefficients is a Salem Polynomial as well as we can construct Salem polynomials by given to the coefficient a n−1 of a self-reciprocal polynomial a larger enough value. A Salem polynomial is a self-reciprocal polynomial with integer coefficients whose roots lie all on the complex unit circle, except for two positive and reciprocal roots r and 1/r [8, 9, 10, 11] . Notice however that the condition (1.18) is sufficient but not necessary. Thus, it is not mandatory that a Salem polynomial satisfies (1.18) and indeed the Salem Polynomials with small Salem numbers [9, 10] known up to the date does not satisfies this inequality.
Finally, we should mention that this study was born in the investigation of Vieira and Lima-Santos on the solutions of the Bethe Ansatz equations [12] . The Bethe Ansatz equations are a system of coupled non-linear equations, introduced in the field of integrable systems of mathematical physics. In the paper [12] Vieira and Lima-Santos found a separation of variable method which enables to reduce the Bethe Ansatz equations of the XXZ model to a coupled system of polynomial equations. For the equations associated to the second excited state, this system of polynomial equations can be decoupled and we got the solutions given by the roots of the following self-inversive polynomial
where ω = e 2πia/n , 1 ≤ a ≤ n, is one of the n roots of unit. In [12] Vieira and Lima-Santos have studied the distributions of the roots of this polynomial and they have affirmed that all its roots lie on the complex unit circle if
and the roots are all on the complex unit circle excepting two conjugated roots s and ω/s if
These conditions follow directly from the theorem presented above. Moreover, notice that, if we set ω = 1 in (1.19) and let ∆ be an integer greater that 1, then the polynomial P (x) becomes a Salem polynomial. We highlight that the appearance of Salem polynomials in the solutions of the Bethe Ansatz equations was quite surprising, since they was found only in a few fields of mathematical physics so far [11] . The author thanks to A. Lima-Santos for the motivation, comments and discussions. We also thank to the Fundação de Amparo à Pesquisa do Estado de São Paulo (FAPESP), grant #2012/02144-7, for the financial support.
